
SOLUTION SHEET 3 :

2. (i) K =Q
, f(x) = X*

- 7
.
f factorizes as

f(x) = (x2E)(x+
+E) = (X - E)(X+=)(X - iz)(X+i)

.

and by Eisenstein'ssition + Gauss' lemmaf is irreducible
.

As charQ = 0 L/K is Galois

Note that L = QUE
,

i and QEQITEL!
=> [L :K] = [L : QEl] . [QH : Q]

and the minimal polynomial of i overQ(E) is x2+1A[L :QUEST =2
.

=> [LiK] = 8. - IGal(LkIls

Note that SeGal(4/k) is determined by its action on i and "E.
Let + ,
Galllik) St Olil = -i and OlEl = "E and

t(i) = i e) uE) = i4E
.

These are indeed K-automorphisms of L .

Moreover order of T is 4 i . e Oct = 4 and Old = 2.
. Finally ,

otOli") = ot)-iYEl=E & otoliti ever+

- Gal(L/kIE Do dihedral group on 8 elements.

There are 8 non-trivial subgroups of Dg. Here is the list :
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fixed fields : Q , i) ,
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order 4 : Sid ,
0 ,

2
, 2253 ,

3 id
.
To

,
22

, 2307 ,
Sid

. 2 ,
22

, 433
↓ b

fixed fields : QI) /
Q lit) Q(i)

(ii) K=

g f = XY -7 Once again L/K is Galois and Gal(t/k) is cydic
& is generated by the Frobenius Morphism .

Let I be a root of f= x"-2
.

Then as any field extension of finite fields is Galois (in particula normal

SFFg(f) = z(x) .

Now IFs(al : #z] = degf = 4e/Gal(4/kIk 4

= Gal(LIkIEZ/42x
.

E Only non trivial subgroup is /2I whose corres -

ponding fixed field is FFg(X ·
indeed X2-7 is the minimal poly of

2

in IFg[X] => [Eg(2) : k] =2 and F2(x2) = 950 = 24 .
12+ 2

= 212
.d= 22

(iii) K= # f= X*+ 1 note that f is not irreducible
.
Indeed XP+ 1 = (X3

+ 112
hence SFFz(X0+17 = SFE(X3+1 = SFE)x?+X + 1) and x2+X+ 1 is irr

.
-> as before

[L : KJ = 2 and Gal(4/k) = 2/22 which doesn't have any non-trivial

subgroups.

(iv) K = Q
, f = x

&
- 1 Note that L=Q(c) where w is a primitive rootof

unity i .e Minneso in)wh-13 = 8. (take for instance w = e
</8)

Note that x5-1 = (X"-1)(X4H) = Wis a rolot of X" + 1 which is

irrechrible in Q[X]. => [L :K] = 4 = (Gal(4/k11 = 4
.

Let of Gall (k) then OCW) is a root of X *+ 1. Now the roots of
X + 1 are w

,
3

,
5

,

7.
.
Indeed ,

wh = - L = (w3)" = wh= (- 113= - 1



and likewise for wS& W7. Now as Gall L/KI acts transitively on the roots

of X4+1, JOEGal((/k) such that Owl = w3
.

Then O2(w) = wa = w

likewise FtEGal((k) Til= 15 and +2(w) = 10 finally toCul = w7
.

This shows that GalLL/k) = 2/22 x /22. The subgroups are

30
, id3 ,

Stid]
,
Sto

,
id ?

b b b W+ wa

fixed
: Q( +w3)Q(w +w5) Q(w+w7)

fields

2. An intermediate field KIFCL sun that [F :K] =2 corresponds to

a subgroup Hot GallL/kIEA4 such that IH1= 6. But such a subgroup
doesn't exist. Indeed there are 2 groups of order 6 up to isomorphism

namely S3 & 2/62. As Audoesn't have an element of order 6 HEZ//62
It can be also seem that HE33 as follows . Suppose HES3 then H contains 3

elements of order 2 and the identity , but these elements in A4 form a subgroup
So It has a subgroup of order 4 which is not possible.

3. (i) Let K= Fp(t) and L=Fp(t4p) then [L : k] = p as the minimal poly.
of thP in FpIti[X] is XP-t

.

But in L
,

XP- t = (X- thp)p therefore there is only one Not of XP-t

which is tup this L/K is normal but this root repeated p times

=> LIK not separable .

(ii) Any non-normal field extension of fields of 0 characteristic works

eg QQ(4) .

*
(iii) Let L be a Gabis extension of K such that Gal(4/kI =A4
Consider the fixed field F of (11231 ·

Then [F : K] = 4. Now

an intermediate field KEHEF such that [H : K] = 2 is also an

intermediate field KIMEL but GalIL/QIEA4 = by exercise 2

such on extension doesn't exist

4. Define K : = SFR(f) .

First note that QEK is Galois and G := Gal(kIQ)

permutes the p many roots of f transitively (as QCK is normal) this
G is a subgroup of Sp. Write K=Q , 12 ,

-

, rp) where are the

roots of f.
Now consider the intermediate extension QQ(r) & K

,
as [QIrel :Q]=

p

↑ I [K : QB
·

This implies that plIGI , by Carchy the ,
there exists on

element o of order pin G .
It is not hard to see that in Sp the only

element of order p is a cycle of length p.

Note that the two non-real roots are conjugate to each other and

complex Conjugation : is in Gal(K/QI . Letre, i2 be the two non-real bots

then :
exchanges re & 52 and fixes all the other roots

.
Therefore in Sp

- corresponds to a 2-cycle .

Now we show that the subgroup greated by a p-cycle o and a

transposition in Sp is Sp. Suppose whog that : corresponds to the trans-

position (12). Now there exist some number 1[i < p-1 such that oi(1) = 2

and oi is also a p-cycle as its order isp .
We can write oi = (12 ... ).

-

from group theory we know that a transposition (12) & an n-cycle
(12 ... ) generates Sn .

So we are done.



3. First of all notice that a?B= 6 and-ar-B= a
.
We claim that

Q(w , x) = L where w = E
- B . Clearly Q,L * L to see the

B
inclusion notice that w =B and BLEQ(as-B= ah

this shows that BeQ( ,
w). Now notice that [Q(W) :Q] -2 indeed

W2Q (this can be shown by doing some algebraic manipulations).
Suppose that WeQ .

Now consider the following chain of extensions. QQ() : Q(w, al

Thus Q(x) is a fixed field of Gul(4Q) .
Merover as [Q(al :Q] = 4

we have that
Q(a) = Quial" for M some subgroup of order two

of Gal(4Q).
Let H= Sid

,
of then Oli= x and olB)= -B .

Now Consider QQ(u) &Q ,W) .
As before Q) = Qu , XIT for

some subgroup T of Gall(/Q) of order 4
.

Let et1
-

then exlEx
. If Thal= -2 then elw)= - @

+ <(3)
andT(wl = witt2B)= -B .

TLB) J

Ift(xl = B then Thwl
=-[B) and Hw =WEB-

in this case I has order 4 .

Likewise if TId)= -B ,
e has order 4

.

This shows thatT contains on element of order 4 as each element of
↑ fits into one of these cases this TEX/42·
Finally we can see that +, 0 in Gull4Q1 generates Dre GallYQIDS .

If wEQ .

Then w is fixed by Gall hence by the above argument
IGal(Yall = 4 & GallUQI=/42 .

If GalLURIET42 then L= Q()
.

The only permutations 2 of the

Notsoff of order 4 are e( = IB both of these fixw so

e(B) = I x

Gal(4/Q) fix W and WEQ
.


